A frame-like action for arbitrary mixed-symmetry bosonic massless fields in Minkowski space is constructed. The action is given in a simple form and consists of two terms for a field of any spin. The fields and gauge parameters are certain tensor-valued differential forms. The formulation is based on the unfolded form of equations for mixed-symmetry fields. * skvortsov@lpi.ru
Introduction
Due to the ever-growing interest in field theories in higher dimensions, the study of mixed-symmetry fields, i.e., those that correspond generally to neither symmetric nor antisymmetric tensor representations of the Wigner little algebra, was started from the paper [1] and continued further in [2, 3, 4, 5, 6] .
In 4d the spin is a single (half)integer. In the general case the spin degrees of freedom are in one-to-one correspondence with finite-dimensional unitary representations of the Wigner little algebra, which is so(d − 2)
1 for massless fields and so(d − 1) for massive ones. Therefore, the spin can be naturally characterized by Young diagrams. The most developed cases correspond to one-row (symmetric) and one-column (antisymmetric) diagrams (tensors), in the former case the 4d-spin is equal to the number n of boxes in one-row Young diagram (n + 1/2 for fermions).
The theory of massless mixed-symmetry fields has been developing over the last decades within different approaches, which can be split into light-cone, metric-like and frame-like ones 2 , in accordance with the types of fields used. Within the light-cone approach one deals with tensors of the Wigner little algebra and, hence, manifest Lorentz symmetry is lost. Nevertheless, the light-cone approach turned out to be very effective in constructing cubic vertices, which is the first nontrivial attempt of introducing interactions. For instance, the cubic vertices of mixed-symmetry fields for d ≥ 6 were constructed in [9, 10] (see [11] for a review), inspiring the investigation to find full non-linear theories of mixed-symmetry fields. The fist attempts towards an explicit construction of manifestly covariant cubic vertices for mixed-symmetry gauge fields were made in [12, 13] .
Within the metric-like approach fields are the world tensors, which are analogous to metric field g µν . The metric-like approach can be split further into constrained and unconstrained approaches, according to whether or not some trace constraints are imposed on fields and gauge parameters 3 . Within the unconstrained approach of [15, 16, 17, 18, 19] fields and gauge parameters are not subjected to any trace constraints. A nice feature of the unconstrained approach is its relation to the low-tension limit of free string field theory [16, 20, 21, 19, 22] . However, the actions for unconstrained mixed-symmetry fields are only available in a nonlocal form [14] . Also, within the BRST approach, in which no off-shell trace constraints are imposed, the fields with the spin corresponding to two-row Young diagrams were studied in detail [23, 24, 25, 26] .
The constrained 4 approach is ascribed to Fronsdal who showed in [28] that totally symmetric massless fields have to be subjected to double-trace constraints for the equations to be gauge invariant and to describe the correct number of physical degrees of freedom [29] . In the pioneering paper by Labastida [6] on massless mixed-symmetry fields, a set of generalized trace constraints for fields and gauge parameters was suggested, the gauge invariant equations were derived and the local action was constructed. Unfortunately, it was not proved in [6] that the correct number of physical degrees of freedom propagates, this was proved in [14] .
Making use of Fock space oscillators allowed Labastida to write down constraints/gauge transformations/equations/action for all mixed-symmetry fields at once. However, due to the lack of Young symmetry constraints a Fock space vector contains in its decomposition multiple copies of the same representations. In order to single out a particular mixed-symmetry field Young symmetry projectors are required. For individual mixed-symmetry fields the constraints/the field equations/the gauge transformations were obtained in [14] . To single out the action for a particular mixed-symmetry field from [6] appears to be a very involved procedure.
Within the frame-like approach [30] fields are tensor-valued differential forms, which are generalizations of vielbein e a µ and Lorentz spin-connection ω a,b µ . The framelike approach has a lot of advantages: the use of differential forms simplifies introducing interactions with gravity; the forms take values in certain irreducible representations 5 of the Lorentz [34, 35, 36] or (anti)-de Sitter algebra [37, 38, 39, 40, 41] , i.e., tangent tensors are not subjected to complicated double-trace constraints; framelike fields can be recognized as Yang-Mills connections of the space-time symmetry algebra; the most important is that frame-like fields can be embedded into the full set of fields of the unfolded approach. From this perspective the frame-like approach is a very promising one.
The unfolded approach itself is a reformulation of field equations in the first order form with the help of exterior differential and differential forms [42, 43, 44] .
The unfolded approach appears to have a very rich underlying structure, so-called Free Differential Algebras [45] , which are also used in supergravity and M-theory [46, 47, 48, 49, 50] .
Among arbitrary-symmetry fields, distinguished is a subclass of totally-symmetric massless higher-spin fields, which has been the most extensively studied. Free totally-symmetric higher-spin fields were reformulated within the unfolded approach [42] and then the consistent nonlinear deformation of the unfolded equations was found in 4d [51, 52] , generalized further to arbitrary space-time dimension in [53] .
The crucial ingredient is to find a higher-spin algebra, which is a non-abelian infinite-dimensional extension of the space-time symmetry algebra satisfying admissibility condition [54] , i.e. a gauging of the algebra must match some unitary representation thereof. The admissibility condition relates group-and field-theoretical aspects of the theory, stating that in order for some gauge theory with gauge algebra g to be consistent the spectrum of relativistic fields that live on the solutions of the equations of motion has to match some unitary representation of g.
As for totally-symmetric higher-spin fields, the admissibility condition for higherspin algebras turned out to be very restrictive, discarding most of possible higher-spin multiplets. For example, the simplest higher-spin algebra contains a single copy of a field of each spin s = 0, 1, 2, .... For this reason, until admissible higherspin algebras for mixed-symmetry fields are known it would be better to work with individual fields rather than fix any particular infinite multiplet.
Recently the unfolded form of equations for arbitrary mixed-symmetry bosonic and fermionic massless fields in the Minkowski space has been constructed [55] . It turned out that the rather unnatural algebraic constraints that must be imposed both on fields and gauge parameters within the constrained approach of Labastida can be easily explained. The Labastida fields and gauge parameters can be identified with certain components of tensor-valued differential forms, connections of the spacetime symmetry algebra. It is worth stressing again that the unfolded approach succeeded in constructing full non-linear equations for totally-symmetric higher-spin fields.
In this letter we construct a simple frame-like action for arbitrary-spin massless mixed-symmetry fields in Minkowski space. In contrast to the constrained approach, where the number of terms in the action grows rapidly with the rank of a tensor, within the frame-like approach the action consists only of two terms for an arbitrary mixed-symmetry field; the Lagrangian equations are manifestly gauge invariant.
In Section 1 we recall the general properties of massless mixed-symmetry fields in Minkowski space, essential features of the unfolded approach are given in Section 2. The action is constructed in Section 3. A group of n (anti)symmetric indices a 1 ...a n or ab...c is denoted (a[n]) a(n) or ([ab...c]) (ab...c). (Anti)symmetrization is denoted by placing a group of indices in (square)round brackets, or by designating indices by the same letter. Only necessary permutations are performed 6 , e.g., for a vector V a and a symmetric rank-two tensor
All the necessary information on Young diagrams and mixed-symmetry tensors is collected in Appendix A.
Massless Mixed-Symmetry Fields
Though we work with world tensors in this Section, in order to simplify the comparison with the unfolded approach, it is useful to convert all world tensor indices to tangent ones by virtue of inverse vielbein h µa , e.g., where in order for gauge parameter ξ a 1 ...a s−1 to be differentially unconstrained only the second trace of the field has to vanish, i.e., the field has to take values in a reducible representation of so(d − 1, 1).
An antisymmetric (p-form) field. Analogously, a totally-antisymmetric massless field or p-form can be described by an antisymmetric rank-p tensor field ..c p−1 and so on until δξ c = ∂ c ξ. Mixed-symmetry massless fields join together nontrivial trace constraints of symmetric fields with reducible gauge symmetries of p-form fields and introduce a new feature of having more than one gauge parameter. Let us consider the case of a spin-Y{s, t}, i.e., spin-t s , field in detail and review general properties of arbitrary-spin mixed-symmetry fields. 7 The diagrams are given by specifying the lengths of the rows as Y{s 1 , ..., s n } or by specifying the widths and the heights of its rectangular subblocks, e.g., Y{(s, 1)} ≡ Y{s} and Y{(1, p)} ≡ Y{1, ..., 1 p }. See Appendix A for more detail. A spin-Y{s, t} field. A spin-Y{s, t} massless field can be described [6] 
share the symmetry and the trace properties of φ a(s),b(t) . The equations are invariant under gauge transformations
where gauge parameters ξ
and ξ
have the symmetry of t s−1 and
, respectively, and
any double trace of ξ
Identities (1.6) and (1.7) imply that the trace of ξ
with the symmetry of have traces with the symmetry of t−1 s−2 and t−2 s−1 , (1.9) and (1.10) imply that these traces are not independent, being proportional to each other.
In contrast to both symmetric and antisymmetric fields there are two gauge parameters, whose Young diagrams can be obtained by cutting off one cell from the spin Young diagram t s in various ways, i.e., are not independent. This peculiarity of algebraic conditions will get a simple explanation within the unfolded approach. Similarly to p-form fields the gauge symmetry is reducible
where the second order gauge parameter χ a(s−1),b(t−1) is traceless with respect to each pair of indices and has the symmetry of t−1 s−1 , i.e., χ a(s−1),ab(t−2) ≡ 0. A general mixed-symmetry field. In the general case of a spin-Y = Y{s 1 , ..., s n } massless field, field φ Y is a Lorentz tensor with the symmetry of Y and in addition to the Young symmetry constraints 12) i.e., the second trace with respect to any four indices from the same group of symmetric indices must vanish. Gauge parameters at the r-th level of reducibility have the symmetry of
where it is convenient to combine the rows of equal length into blocks, i.e., Y = Y{(s 1 , p 1 ), ..., (s N , p N )}. Therefore, the first level gauge parameters are obtained by cutting off one cell from the bottom-right of any block. Evidently, there are N gauge parameters at the first level. The trace conditions on the first level gauge parameters are more complicated than (1.12) (cf. (1.6)-(1.10)), see [6, 14] for more details, the general statement is that the traces of gauge parameters are not independent. This fact suggests that all gauge parameters can be incorporated into a single object as they do within the unfolded approach.
Essential of the Unfolded approach
The unfolded approach [42, 43, 44] is a reformulation of field-theoretical systems as
where W A is a set of differential forms over the space-time, which do not necessary have the same degree, q A being the degree of W A , d -exterior differential on the space-time manifold and F A (W ) is a degree-(q A + 1) function that is assumed to be expandable in terms of wedge products only 10 , i.e.,
is also assumed to satisfy an integrability condition, called generalized Jacobi identity, 
where ξ A is a degree-(q A − 1) form with values in the same space as W A . Due to the fact that each W A of degree q A > 0 possesses its own gauge parameter ξ A , nonzero degree fields are gauge fields. Provided that F A (W ) is linear in a subset ω i ⊂ W A , δω i = 0 itself can be treated as unfolded system with respect to ξ i and, hence, the gauge transformations that does not affect the field ω i , i.e., the second level gauge transformations, are of the form
where χ i is a degree-(q i − 2) form, and so on for deeper levels gauge symmetries. Therefore, a degree-q i gauge field ω i have exactly q i levels of gauge transformations. Consequently, equations of motions, gauge symmetries, reducible gauge symmetries and Bianchi identities are the simple consequences of the single algebraic identity (2.3). For example, if we are given some gauge transformations the equations and the Bianchi identities can be easily recovered. In addition, the use of differential forms makes unfolded approach manifestly covariant.
The most simple example of an unfolded system is given by one-form connection Ω I µ of some Lie algebra g with structure coefficients f I JK , satisfying
10 Further the wedge symbol ∧ will be systematically omitted.
The generalized Jacobi identity reduces to the ordinary Jacobi identity on f 
provides us with the basis of a tangent space h a µ and with Lorentz spin-connection ̟ a,b µ , the latter is used to define a Lorentz covariant derivative of differential forms with values in any representation of so(d − 1, 1), i.e., having some tangent indices,
A simple solution of (2.8-2.9) is given by Cartesian coordinates h
It is assumed further that h a µ and ̟ a,b µ satisfy (2.8-2.9) but the advantage of the unfolded approach is that no explicit solution is needed either to write down field-equations or to construct actions, being most effective in (anti)-de Sitter [34, 37, 38, 39, 40] .
The set of forms W A consists of a background connection Ω I and dynamical 11) where the part of the Poincare connection associated with the Lorentz-spin connection ̟ a,b is combined with d into the Lorentz covariant derivative D, which acts diagonally on ω i ; σ ij are certain operators, which can be polynomial in h a and satisfy (2.3) since (2.8-2.9) are equivalent to Dh a = 0 and D 2 = 0. No wonder that polynomial in vielbein h a µ can appear since field equations contain g µν g λρ φ λρ -like terms, which are polynomial in background metric g µν . Free Differential Algebras are closely connected with Lie algebras, in fact, coefficients of σ ij correspond either to modules or to Chevalley-Eilenberg cocyles of the Poincare algebra [56] .
It turns out [55] that the unfolded equations for massless mixed-symmetry fields in Minkowski space are simpler than (2.11) and have the form 
With these definitions the unfolded equations and gauge transformations can be rewritten simply as Inasmuch as unfolded equations Dω p = 0 can be treated [57] as a sort of cocycle condition dω = 0, by virtue of the Poincare lemma it follows that all fields except for zero-degree forms are pure gauge and, hence, in order for unfolded equations to describe a field-theoretical system with propagating degrees of freedom, zero-forms have to be included.
A spin-two field [58, 42, 43, 37, 53] . To make the above statements more clear let us consider the example of a free massless spin-two field, i.e., the linearized gravitation. The field ω 
(in components
where a zero-form C ab,cd 0
can be recognized as a Weyl tensor, which is the only component of R ab,cd that can be nontrivial on-mass-shell. Bianchi identities h b Dω
ab,cd ≡ 0 are satisfied due to the Young symmetry of a Weyl tensor and the fact that vielbeins h a anti-commute. Again, DC ab,cd = 0 can not be imposed as it constraints the Weyl tensor to be a constant, and so on. The full unfolded system has the form [43]
where a set of zero-forms C aa,bb,c(k) 0 that are irreducible Lorentz tensors with the symmetry 13 of k is to be introduced.
The identification with the metric-like approach is as follows. 
ab . By virtue of a pure algebraic gauge symmetry with ξ ab field ψ ab can be gauged away. Therefore, the dynamical field is φ ab , which can be recognized as the Fronsdal field (1.1).
Since field equations are of the second order, (2.12) at g = 0 expresses the first auxiliary field in terms of the first derivatives of dynamical Labastida field φ Y ∈ ω Y 0 q0 , (2.12) at g = 1 imposes dynamical equations on φ Y and expresses the second auxiliary field in terms of the second derivatives of φ Y , higher equations (g > 1) impose no nontrivial constraints on φ Y . Further, we concentrate on the first two unfolded equations only, since it is sufficient for constructing Lagrangians. A spin-s field [58, 42, 43, 37, 53] . The above can be generalized to a totallysymmetric spin-s field. In accordance with the general construction of [55] is auxiliary and does not contribute to the dynamical equations, being excluded by the projector onto the Labastida equations. The third term in (2.38) can be directly expressed from (2.37); to express the first two terms of (2.38) we take the traces in (2.37) with respect to a s , c and b t , c It is significant that the above computations can be directly generalized to an arbitrary-spin mixed-symmetry field, resulting in the Labastida equations [6] .
A spin-Y field. The main statement of [55] is that a spin-Y 15 massless field can be uniquely described within the unfolded approach. Y 0 is obtained by cutting off the first column of Y, i.e., Y 0 = Y{ (s 1 − 1, p 1 
The sketch of the proof 1. In order for gauge transformations to have p levels, the Labastida field φ Y has to be incorporated into certain degree-p form e 1.13) ). Converting all world form indices to the tangent ones that do not belong to φ Y (x), gauge parameters may also have redundant components. In order to make redundant fields non-dynamical, an algebraic (Stueckelberg) symmetry is introduced. Fortunately, all redundant components can be compensated by an algebraic gauge symmetry with a single ξ
analogously for gauge parameters at the level-k
3. Since gauge parameter ξ
q1−1 is associated with the gauge field ω
q1 ) ≡ 0 can be solved [55] as Dω
5. Equation (2.47) implies new Bianchi identities and so on, resulting in the full unfolded system [55] .
6. Despite the unambiguity of unfolding, the facts that (i) correct second order equations are indeed imposed on the dynamical field φ Y ∈ e Y 0 p ; (ii) the rest of the unfolded equations imposes no additional differential constraints on φ Y ; (iii) there are no other dynamical fields in the system; (iv) equations imposed indeed describe the correct number of physical degrees of freedom 16 ; have to be checked. The σ − cohomology technique [34, 59 ] turned out to be very effective, solving all four problems at once [55] .
Local Actions
To begin with, let us note that the Maxwell action for a spin-one massless field
and A µ is a potential, can be rewritten in the first order form
where C µν is a rank-two antisymmetric auxiliary field. The equations for C µν are algebraic with respect to C µν and can be easily solved as
F µν . The key moment is that (3.1) admits a reformulation in terms of differential forms, i.e., frame-like fields to be embedded into unfolded systems
where A 1 ≡ A µ is a Maxwell gauge potential one-form and C ab = −C ba is a degreezero form, which is antisymmetric in tangent indices and is a tangent version of C µν . ǫ a 1 ...a d is a totally antisymmetric tensor, the Levi-Civita symbol. Use is made of
where Ξ
is a k-from with k antisymmetric tangent indices and δ
a k . A frame-like action for a totally-symmetric spin-(s > 1) field was constructed in [30] 4) which operates with the first two fields, the dynamical one and the first auxiliary one, of unfolded system (2.18) and correctly reproduces the dynamical equations. Action (3.4) is equivalent to the Fronsdal one after solving the algebraic equations for auxiliary field ω a(s−1),b µ and expressing the terms with e a(s−1) µ via φ µ 1 ...µs . It is the action (3.4) that will be generalized to the action for an arbitrary mixedsymmetry field. Very instructive was the observation of [35, 36] , made on the basis of the simplest mixed-symmetry fields, that the indices of fields can be formally split into world and tangent ones.
Since dynamical equations are of the second order, it is sufficient to make use of gauge fields/field strengths at grade zero and one
To construct an action, a degree-d volume form that is bilinear in fields has to be found. It is convenient to introduce for any 
For a degree-(p ′ +1) form Φ Taking into account that the sum of the heights of the first columns of Y 0 and Y 1 is equal to the total degree (p + q + 1) of Φ p ′ +1 Ψ q ′ and the tangent tensors have definite Young symmetry and are completely traceless, it is easy to see that the scalar product possesses two important properties p 1 ) , ..., (s N , p N )} = Y{h 1 , h 2 ..., h s1 }, p = p 1 + p 2 + ... + p N is the height of the first column of Y; We abbreviate q 1 and q 2 as q and r, q 0 being equal to p by definition. Note that q = p = h 2 unless s N = 1 and
18 (3.7) can be derived from the identity
The proof of (3.9) . Let Θ by applying (3.7) m 1 , ..., m p+1−q turn out to be contracted with certain u, ..., u from the i 1 ,...,i p+1−q groups of Ψ p Y 1 , the sum over different rearrangements is implied. If i k is in the range 1, ..., r then m i k appears to be symmetrized with s i k − 2 indices of the i k group and, hence, by virtue of (3.11) m i k can be exchanged with u i k , the resulting expression being symmetric in Θ and Ψ. If i k is in the range r + 1, ..., p + 1 m i k can be replaced with u i k directly since Θ is explicitly antisymmetric in the indices from the groups r + 1, ..., p + 1 (each group consists only of one index), and hence these terms can also be cast into the form that is explicitly symmetric with respect to Θ and Ψ.
The proof of (3.10). Let Φ
Assume that q = r. Applying (3.7) one obtains
to obtain the last expression, which is identically zero since two antisymmetrized indices u appear in the same group of symmetric indices, use was made of (3.11).
The extension on q > r is similar to the proof of (3.9): among h m 1 ...h m q−r+1 of at least one of m will be contracted with some of the first r groups of indices of Φ and hence by virtue of (3.11) it can be exchanged with u, resulting in zero. In order to derive the most general form of the action we use the three crucial observations: (a) (3.8 
with α being a free coefficient. Lagrangian equations are to be of the form δS δω
δS δe
where π 1 is a projector into ω r ) can in principle be added to the action but it is identically zero.
The action is to be invariant under the standard gauge transformations (2.13)
Despite the fact that ω Y 2 r does not contribute to the dynamical equations, the action reveals a symmetry with gauge parameter ξ
To check this invariance it is useful to rewrite the action as S = R 0 p+1 |ω 19) where the symmetry property (3.9) and δR 25) and after passing to world indices coincides with [35] . For a spin- It is from these equations that the dynamical equations have been recovered in the previous section.
To conclude, we note that despite the fact that the action (3.22) is not built of field strengths and, hence, is not manifestly gauge invariant, equations of motion (3.15-3.16 ) are written in terms of gauge invariant field strengths. Simplicity of the frame-like action (3.22) is very encouraging and we hope it will be very helpful for the further study of mixed-symmetry fields. ..a h 1 , b 1 ...b h 2 , . .., separately, and the antisymmetrization of all indices from any group with one index from the next group vanishes. To make tensors of the Lorentz algebra irreducible in addition to the Young symmetry conditions a traceless condition has to be imposed, i.e., the contraction of the so(d − 1, 1)-invariant metric η ab with any pair of indices must vanish. It is also required h 1 + h 2 ≤ d since the Young symmetry together with the tracelessness makes so(d − 1, 1)-tensors with h 1 + h 2 > d be identically zero. We do not consider (anti)-self dual representations of so (d − 1, 1) .
